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Abstract. Let E(K) be the Mordell-Weil group of a rational elliptic surface. In this
paper we give several examples of rational elliptic surfaces with Mordell-Weil rank six
or seven starting from suitable linear pencils of cubic curves on P2. Moreover, under the
same assumption on the rank, using the theory of Mordell-Weil lattices we find a system of
generators for E(K) in the coordinate-free situation.
Introduction
In [7], Shioda gives the foundation of the theory of the Mordell-Weil lattices. The
key idea is to see the Mordell-Weil group of an elliptic curve over a function field, or of
an elliptic surface, as a lattice with respect to a suitable pairing. In this paper, we produce
some examples of applications of this theory.
Following the idea of Shioda, who studied the case with Mordell-Weil rank eight
(Theorem 10.11, [7]) giving a simplest proof of a result of Manin (Theorem 6, §4, [4]), we
deal with the coordinate-free situation in which S is rational elliptic surface with Mordell-
Weil rank six and seven. We look at S as P2 blown-up at the nine base points of a suitable
linear pencil of cubic curves. If S is a surface with Mordell-Weil rank eight, then the nine
base points of the pencil have to be in general position, (i.e. nine distinct points, no six on
a conic and no three on a line); moreover, if we take one of them as zero in E(K), it turns
out that the subgroup generated by the other eight is of index three in E(K), as shown in
[4] and [7]. When S is a surface with Mordell-Weil rank seven (resp. six), the situation is
quite different. Indeed, it is necessary to put particular conditions on the geometry of the
nine base points of the pencil, which are not in general position. When the nine base points
of the pencil are distinct points, after taking one of them as zero in E(K), we can always
choose seven (resp. six) points among the other eight such that the subgroup generated
by them is the full group. If the nine base points are not distinct points, then it is always
possible to reduce to a case as above via a Cremona transformation.
The paper is organized as follows. In the first section we recall some general facts.
In the second, we deal with rational elliptic surfaces with Mordell-Weil rank seven. In the
third section we study rational elliptic surfaces with Mordell-Weil rank six. In the third
section proofs are just sketched, since constructions, arguments and techniques are very




We recall briefly the setting of Shioda’s paper, recalling some useful facts valid for
rational elliptic surface (for more details see [7]).
The ground field k is an algebraically closed field of arbitrary characteristic. By ratio-
nal elliptic surface, which we will call briefly RES, we mean a smooth rational projective
surface S with a relatively minimal elliptic fibration f : S → P1, that is a surjective
morphism such that i) almost all fibres are elliptic curves, and ii) no fibres contain an ex-
ceptional curve of the first kind. In what follows we always assume that f has a global
section O and f is not smooth, i.e. there is at least one singular fibre.
Let E denote the generic fibre of f . Then E is an elliptic curve defined over the
function field of P1, K = K(P1), given with a K-rational point O . Let E(K) denote
the group of K-rational points of E, with the origin O . The global sections of f are in
a natural one-to-one correspondence with the K-rational points of E. In this setting we
know that E(K) is a finitely generated abelian group (Theorem 1.1, [7]). E(K) is called
the Mordell-Weil group of the elliptic curve E/K , or of the elliptic surface f : S → P1,
briefly MW group. In the bijection above, for every point P̃ ∈ E(K) we denote with P the
correspondent global section.
Let us fix some notations:
E(K)tor the torsion subgroup of E(K),
NS(S) the Neron-Severi group of the RES,
(NS(S), ( · )) the Neron-Severi lattice, where ( · ) is the intersection form on S,
T the subgroup of NS(S) generated by the global section O and all irreducible com-
ponents of fibres,
R = {v ∈ P1|Fv := f −1(v) is reducible},
F the class of the generic fibre of f in NS(S).
For every Fv ∈ R we set Θv,0 the component which meets the O section, and we
set Θv,i , for i = 1, . . . ,mv − 1, the others, where mv is the number of components of
Fv . For v ∈ R, Tv is the sublattice of the Neron-Severi lattice generated by Θv,i for
i = 1, . . . ,mv − 1. We denote with Av the Gram matrix of the intersection form restricted
to Tv .
Recall that rkNS(S) = 10, (Lemma 10.1, [7]), and that NS(S)/T  E(K), (Theorem
1.3, [7]). Then we have the following
rkE(K) = 8 −
∑
v∈R
(mv − 1) . (1)
DEFINITION 1.1. The Mordell-Weil lattice of the elliptic curve E/K , or of the el-
liptic surface f : S → P1, is the lattice
(E(K)/E(K)tor, 〈 , 〉) .
The form 〈 , 〉, called the height pairing , is defined as follows:
〈P̃ , Q̃〉 = −(φ(P̃ ) · φ(Q̃)) ,
where φ is the group homomorphism from E(K) to NS(S) ⊗ Q defined as follows:
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φ(P̃ ) = P − O − (1 + P · O)F +
∑
v∈R
(Θv,1, . . . ,Θv,mv−1)(−A−1v )
× (P · Θv,1, . . . , P · Θv,mv−1)t .
(2)
Now we can give the Structure theorem for RES with MW rank at least six, (Theorem
10.4, [7]).
THEOREM 1.2. Assume that r ≥ 6. Then the Mordell-Weil group E(K) of a RES
is torsion free, and the structure of the Mordell-Weil lattice is the dual lattice of the root
lattice of type E8, E7, E6 or D6. Namely we have
i) r = 8.
E(K) = E(K)0  E8 det = 1 . (3)
ii) r = 7.
E(K)  E∗7 det = 1/2 ,∪ ∪ ν = 2
E(K)0  E7 det = 2 .
(4)
iii.a) r = 6.
E(K)  E∗6 det = 1/3 ,∪ ∪ ν = 3
E(K)0  E6 det = 3 .
(5)
iii.b) r = 6.
E(K)  D∗6 det = 1/4 ,∪ ∪ ν = 4
E(K)0  D6 det = 4 .
(6)
In the previous description, E(K)0 is the sublattice of the MW lattice E(K) generated
by global sections which meet Θv,0 for all v ∈ R (called the narrow MW lattice), ν is the
index of narrow MW lattice in the MW lattice, and det is the determinant of the matrix of
the height pairing .
We recall that if L′ is a sublattice of finite index in a lattice L, then
det L′ = det L[L : L′] . (7)
For more on lattice, see [1], [2].
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2. Linear pencils of cubics with MW rank 7
The aim of this section is to build linear pencils of cubic curves of MW rank seven,
to determine a system of generators of the MW group and characterize rational elliptic
surfaces with these features. By (1), the RES must have only one reducible fibre with two
components, more precisely type I2 or III in Kodaira’s classification. So we start giving
some examples.
CONSTRUCTION 2.1. Let C1 be an irreducible cubic in P2. Take an irreducible
conic Q that meets C1 in six distinct points, set M = {p3, p4, p5, p6, p7, p8} = Q ∩
C1. Observe that no three of these are collinear, since Q is irreducible. Take a line l
not intersecting M , and such that: i) l meets C1 in three distinct points, which we call
p0, p1, p2; ii) pi (i = 0, 1, 2) is not collinear with two of the points in M; iii) l meets
Q in two points. Note that it is always possible to find such a line since the points on C1
collinear with two in M is a finite set. Finally put C2 = Q ∪ l.
Under this construction, we have that the linear pencil of cubics passing through the
nine points pi , defined above, has the only one reducible member C2. Consequently, the
rational elliptic surface S, obtained by blowing-up P2 in these nine points, has only one
reducible fibre (type I2 in Kodaira’s classification).
Let Pi be the exceptional curve arising from the blowing up at pi . Obviously Pi are
sections of elliptic fibration. Let P̃i be the points in E(K) corresponding to Pi , and choose
P̃0 as zero in E(K), so P0 is our zero section.
The height pairing of these points of E(K) are computed as follows:
〈P̃i , P̃j 〉 =
{
1/2 , i, j ≥ 3 ;
1 , i ≤ 2 or j ≤ 2 . 〈P̃i , P̃i〉 =
{
3/2 , i ≥ 3 ;
2 , i ≤ 2 .
Now consider the sublattice H of the Mordell-Weil lattice E(K) generated by





2 1 1 1 1 1 1
1 2 1 1 1 1 1
1 1 3/2 1/2 1/2 1/2 1/2
1 1 1/2 3/2 1/2 1/2 1/2
1 1 1/2 1/2 3/2 1/2 1/2
1 1 1/2 1/2 1/2 3/2 1/2
1 1 1/2 1/2 1/2 1/2 3/2
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
Since det A = 1/2, by (7) and (4) follows that these seven points generate E(K).
CONSTRUCTION 2.2. Change in the previous construction the assumption “iii) l
meets Q in two points” with “iiia) l is tangent to Q”; and repeat the same construction.
Note that in this case the only reducible fibre is of type III in Kodaira’s classification.
CONSTRUCTION 2.3. Let C1 be a nodal rational curve in P2, and set p0 the singular
point. Take a set M = {p1, p2, p3, p4, p5, p6, p7} of seven points on C1 \ p0, such that no
three of these are collinear and no six lies on a conic. Take in the linear system of cubics
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through M one, other than C1, passing through p0, which we call C2. By construction, the
linear pencil generated by C1 and C2 is such that: i) it has no reducible components; ii) C1
is the only member singular at p0; iii) all members other than C1 have the same tangent at
p0.
Set S the rational elliptic surface obtained as follows: first blow up the plane in pi ,
for i = 0, 1, . . . , 7, and set D the exceptional curve of the blowing up at p0; then blow
up at the unique point q = D ∩ C̃ where C̃ means the proper transform of the generic
member of the pencil other than C1. So S has only one reducible fibre of type I2 in Kodaira
classification, which is the union of the proper transform of C1 and D.
Now let us fix some notation, we call: Pi the exceptional curve arising from the
blowing-up in pi , for i = 3, . . . , 7; P0 the exceptional curve arising from blowing-up
in q; Pi the proper transform of the line through pi and p0, for i = 1, 2. Note that all Pi
are sections, and that they do not intersect one to each others.
Take P0 as zero section. We have that Pi , for i = 0, 1, 2, meets the same components
of reducible fibre so as Pi , for i = 3, . . . , 7. Finally set P̃i the point in E(K) corresponding
to Pi . It easy to see that computing the height pairing of these points gives the same as in
(2.1), so {P̃1, P̃2, P̃3, P̃4, P̃5, P̃6, P̃7} generate E(K).
CONSTRUCTION 2.4. Choosing C1 a rational curve with a cusp in P2 and repeating
the same construction above, we obtain a RES with only one reducible fibre of type III in
Kodaira’s classification and we can find a system of generators for E(K) in the same way.
REMARK 2.5. If, in the construction (2.3), we call P8 the line on S which is the
proper transform of line through p1 and p2 in P2, we have that P8 is a (−1)-curve not
meeting the other exceptional curve Pi , i = 0, . . . , 7. Blowing down these nine exceptional
curves, we have again P2, and the image of the fibres of the elliptic fibration on S give rise
to a pencil of cubics as in (2.1) with the conic and the line meeting in two points.
Conversely, if we start from (2.1), we can proceed as follows: set S̃ the blowing down
of S at P2. Set Ei the proper transform on S̃ of the line on P2 through pi and p3, for
i = 0, 1; it is obvious that Ei are exceptional curves on S.
Take on S̃ the set {E0, E1, E4, P5, P6, P7, P8, L}, where L is the proper transform of
l on P2. This a set of exceptional curve on S̃ that do not intersect one to each other. So
blowing down the set of exceptional curves we return on P2, and the image of the fibres
give rise to a pencil of cubics like (2.3).
In a similar way, it is possible to pass from a pencil as in (2.2), with the conic tangent
to the line, to a pencil as in (2.4) and viceversa.
Note that the transformations which we have used are the so called “Cremona trans-
formations of the plane”.
Starting from previous constructions via elementary transformations, we can give ex-
amples of linear pencil of curves of genus one on rational surface F0 (i.e. P1 × P1).
REMARK 2.6. Consider a linear pencil of cubic curves Λ on P2 as in (2.1), keeping
the same notation. Choose two base points ph and pk of the pencil, set L the proper
transform on S of the line through ph and pk on P2. Set X the blowing down of S at L and
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at exceptional curves Pi , for all indexes i except {h, k}. Then X ∼= P1 × P1, obtained from
P2 via an elementary transformation, say g , and the image of Λ under g is a linear pencil
of curves of genus one Λ′ on X. Naturally, blowing up X at the eight base points of Λ′ we
obtain again S.
Now we want to show that to know the Mordell-Weil group of constructions (2.1) and
(2.2) means to know that of RES with Mordell-Weil of rank seven.
THEOREM 2.7. Let S be a rational elliptic surface of Mordell-Weil rank 7. Then S
arises from a linear pencil of cubic curves on P2 as in construction (2.1) or (2.2).
Proof. Since K2S = 0, S is P2 blown-up at nine points, some of which possibly
infinitely near, or a Fn surface (i.e. PP1(O
⊕O(n)) blown up at eight points, some of
which possibly infinitely near.
CLAIM 2.8. If S is a rational elliptic surface, then S can not be a Fn surface blown-
up at eight points with n ≥ 3.
Proof. Suppose that S is a Fn surface blown-up at eight points, with n ≥ 2. Set C0,
G and C∞ = C0 − 2G respectively the class of the section, of the rational fibre and of
the section with negative self-intersection in Pic(Fn). Set η the birational morphism from
S to Fn, since η factors through S := S8 → S7 → · · · → S0 := Fn, put πi : S8 → Si ,
ηi : Si → Si−1 and xi the center of the monoidal transformation ηi , for i = 1, . . . , 8. Set
Ei = π∗i (η−1i (xi)), C̃ the proper transform on S of C∞, and r the number of points blown-
up which lies on C∞. In Pic(S) we have KS = η∗KFn +
∑8
i=0 Ei = η∗(−2C0 + (−2 +
n)G) + ∑8i=0 Ei and C̃ = η∗(C∞) − ∑|j |=r Ej , since C∞ is smooth. Since F = −KS ,
we have that







Ei) = 2 − n − r .
Because C̃ and the generic fibre F are irreducible curves without commom com-
ponents, FC̃ ≥ 0. So necessarily r = 0 and n = 2 with C̃ contained in a reducible
fibre. 
CLAIM 2.9. A curve C on a RES S is a section if and only if C is a (−1)-curve.
Moreover there are no irreducible curves on S with negative self-intersection other than
the sections and the components of the reducible fibres.
Proof. First assertion: the “if” part is trivial. The “only if” part; if C2 = −1 and
g(C) = 0, by genus formula −2 = KSC + C2; this implies −1 = KSC = −(FC), and so
FC = 1.
Second assertion: by genus formula KSC+C2 = −(FC)+C2 ≥ −2; since FC ≥ 0,
if C2 = −1 then C is a section, while if C2 = −2 and FC = 0 then C is contained in a
fibre. 
The next step is to show how it is always possible via elementary transformations
passing from a Fn surface blown-up at eight points to a P2 blown up at nine points. We
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consider the case in which the minimal model of S is F0 (i.e. P1 × P1) or F2, since F1 is
just P2 blown up at a point.
Suppose that S is a F0 surface blown up at eight points pi , for i = 0, . . . , 7. As usual,
set Pi the exceptional curve of blowing-up at pi . Because there are only two (−2)-curves
on S, we can choose a point p∗ on F0 among pi such that the two rational fibres D and
G meeting in p do not contain other points pi of the blowing-up. Obviously, the proper
transforms, say D̃ and G̃, of D and G on S are (−1)-curves and by (2.9) sections of the
RES. Moreover D̃ and G̃ do not meet any Pi other than P∗. So taking D̃ and G̃ instead of
P∗, we can see S as P2 blowing-up at nine points.
Similarly, if S is obtained by blowing F2 at eight points, (with the same notation as
above), we can choose a point p∗ among pi such that the fibre, say G, of the rational
fibration on F2 containing p∗ does not contain other points pi . The proper transform G̃ of
G on S is a (−1)-curve, so a section. Moreover we have: i) G̃ meets transversally C̃, (the
proper transform on S of the curve with negative self-intersection C∞ on F2); ii) G̃ does not
meet the curves Pi other than P∗; iii) C̃ does not meet the curves Pi and it is contained in
the reducible fibre by (2.8). So taking G̃ and C̃ instead of P∗, we can see S as P2 blown-up
at nine points, two of which infinitely near.
Finally, we can suppose that S is P2 blown-up at nine points. Since the RES S contains
the only two (−2)-curves Θ0 and Θ1 with Θ0Θ1 = 2, we can have the two following
possibilities:
a) P2 blown-up at nine distinct points;
b) P2 blown-up at nine distinct points, one of them being an infinitely near one.
In case a) over P2 the images of the fibres F of the elliptic fibration on S give rise
to a pencil of cubic curves Λ. Λ contains only one reducible member, which is union of
two irreducible components, necessarily an irreducible conic Q and a line l. The points pi
of the blowing-up are the base points of the pencil Λ. Moreover the points where l meets
Q are disjoint from the nine pi’s, since the sections do not meet the fibres at singularities.
Finally, because l ∪ Q is the unique reducible member of Λ, no three points other than the
three on l can be collinear (indeed, if three such points are collinear: take the line through
these, choose five among the other six, take the conic passing through these; the union of
these line and conic is cubic passing through eight points of the pencil, so through the ninth
which contradicts the uniqueness of reducible member). This proves that Λ is as in (2.1),
if l meets Q in two distinct points, or as in (2.2), if l is tangent to Q.
In case b) the birational morphism η : S → P2 contracts a component of the reducible
fibre. The images of the fibres of the elliptic fibration give rise to a linear pencil of cubic
curves Λ on P2. Λ has eight base points, one of which, say p, is a double point, (with
this expression, we mean that any two members in Λ have intersection multiplicity equal
2 at p). All the members of Λ are irreducible. The image of the reducible fibre is singular
at p: it is a rational curve with a node at p if Θ0 and Θ1 meet transversally, or a rational
curve with a cusp at p if Θ0 and Θ1 are tangent. It is easy to see that Λ is a linear pencil
as in construction (2.3) or (2.4). To conclude, by remark (2.5), it is always possible, via
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Cremona transformations, to see these as transformations of linear pencil as in (2.1) or
(2.2). 
3. Linear pencils of cubics with MW rank 6
In this section we study rational elliptic surfaces with Mordell-Weil rank six. Accord-
ing to the Theorem (1.2), we treat separately the case iii.a) and iii.b). Since constructions,
techniques, and arguments in the proofs are very similar to those used in the previous sec-
tion, we give less details.
Case (iii.a) of the Therorem (1.2).
In this case S has only one reducible fibre, which can be of type either I3 or IV in
Kodaira’s classification.
CONSTRUCTION 3.1. Let C1 be an irreducible cubic in P2. Take l1 and l2 two lines
meeting C1 in six different points, and put {p0, p1, p2} = l1∩C1 = M , {p3, p4, p5} = l2 ∩
C1 = N . Choose now a line l3 such that: i) l3 does not pass through pi , for i = 0, . . . , 5;
ii) l3 meets C1 in three distinct points; put {p6, p7, p8} = l3 ∩ C1; iii) none of the pi , for
i = 6, 7, 8, is collinear with two points in M ∪N ; iv) l1 ∩ l2 ∩ l3 = ∅. Set C2 = l1 ∪ l2 ∪ l3.
Under this construction, the linear pencil of cubics generated by C1 and C2, has only
one reducible member C2. So the rational elliptic surface S, obtained by blowing-up P2 at
the nine base points of the pencil, has only one reducible fibre, i.e. the proper transform of
C2; more precisely of type I3 in Kodaira’s classification.
Let Pi be the (−1)-curve of the blowing-up in pi , and P̃i the point in E(K) corre-
sponding to the section Pi . Fix P̃0 as zero in E(K).
The height pairing acts on points P̃i as follows:
〈P̃i , P̃j 〉 =
⎧⎨
⎩
1 , if i ≤ 2 or j ≤ 2 ;
1/3 , if i, j ∈ {3, 4, 5} or i, j ∈ {6, 7, 8} ;
2/3 , if i ∈ {3, 4, 5} and j ∈ {6, 7, 8} .
〈P̃i , P̃i〉 =
{
2 , if i ≤ 2 ;
4/3 , if i ≥ 3 .
So, by computing the determinant of the height matrix, we have that {P̃1, P̃3, P̃4, P̃5,
P̃6, P̃7} generate E(K).
CONSTRUCTION 3.2. In the previous construction replace the assumption “iv) l1 ∩
l2 ∩ l3 = ∅” with “iva) l1, l2, l3 has a unique intersection point”; and repeat the same
construction. Note that in this case the only reducible fibre is of type IV in Kodaira’s
classification.
There are some other constructions of linear pencils of cubic curves on P2, (or more in
general of linear pencils of curves of genus one on a minimal rational surface), from which
a RES as iiia) of Theorem (1.2) arises. Anyway, as shown in the next theorem, it is always
possible reduce them to a construction as in (3.1) or (3.2) via particular transformations.
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THEOREM 3.3. Let S be a rational elliptic surface of Mordell-Weil rank 6 and
E(K)  E∗6 . Then S rises from a linear pencil of cubic curves on P2 as in construction
(3.1) or (3.2).
Proof. Note that the first assertion, and claims (2.8), (2.9) in the proof of theorem
(2.7) are still valid.
Suppose that S is a F0 (resp. F2) blown up at eight points, say as usual pi . Since on
S there are exactly three (−2)-curves, we can choose a point p among the pi such that the
two rational fibres meeting at p, (resp. the rational fibre), do not contain other points pi of
the blowing up. So, with the same arguments as in the proof of theorem (2.7), we can see
S as P2 blown-up at nine points.
Actually, we have the following three possibilities:
a) P2 blown-up at nine distinct points;
b) P2 blown-up at nine points, one of them being an infinitely near one;
c) P2 blown-up at nine points, two of them being infinitely near to the same point.
In all cases the images of the fibres F of the elliptic fibration on S give rise in P2 to a
linear pencil of cubic curves Λ.
In case a), Λ has nine distinct base points and all its members are irreducible unless
one, which is the union of three lines. It is easy to see that three base points of Λ can not be
collinear unless they lie on the same component of the only reducible cubic. Since sections
do not pass through singularities on S, we have that Λ is as in construction (3.1) or (3.2),
according to the number of intersection points of the three lines.
In case b), Λ has eight base points, one of which is a double point, say p. Λ has only
one reducible member, which is the union of line and a irreducible conic. Now we may
have two possibilities. If the reducible fibre on S is of type I3, then the line meets the conic
in two points, one of which is the double base point of Λ. In this case, Λ is the image, via a
Cremona transformation, of a linear pencil as in (3.1). If the reducible fibre on S is of type
IV , then the line is tangent to the conic, the point where they intersect is the double point
of the pencil. In this case, Λ comes, via a Cremona transformation, from a linear pencil as
in (3.2).
Finally, in case c), Λ has seven base points, one of which, say p, is a triple point,
(with this expression, we mean that any two members in Λ have intersection multiplicity
equal 3 at p). All members of the pencil are smooth at its base points unless one, that
is the image on P2 of the reducible fibre on S, which is singular at the triple point. Also
now we can have two possibilities. If S has a reducible fibre of type I3, then the cubic
singular at p is a rational curve C with a node, and all other cubics of Λ are tangent at
p to one of the principal tangents of C at p. It is possible to transform such a Λ, via a
Cremona transformation, in a pencil as in case b), and so by composition of two Cremona
transformations in one as in (3.1). If S has a reducible fibre of type IV , then the cubic
singular at p is a rational curve C with a cusp at p, and all other members of Λ are tangent
to the principal tangent of C at p. In this case, Λ comes, via a composition of two Cremona
transformations, from a linear pencil as in (3.2). 
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Case (iii.b) of the Therorem (1.2).
In this case S has two reducible fibres, say F1 and F ′1, each one of which is union
of two components, say Θ0, Θ1 the two of F1, and Θ ′0, Θ ′1 the two of F ′1. Moreover,
Θ0Θ1 = Θ ′1Θ ′1 = 2.
CONSTRUCTION 3.4. Let Q1 and Q2 be two irreducible conics in P2 meeting in
four distinct points, set M = {p1, p2, p3, p4} = Q1 ∩ Q2. Let l1 be a line not passing
through M which meets Q2 in two distinct points, set N = {p7, p8} = l1 ∩ Q2. Observe
that there are not three collinear points in M ∪N , due to the irreducibility of the two conics.
Take a line l2 such that: i) l2 meets Q1 in two different points, which we call {p5, p6},
and l1 at a point, say p0; ii) (M ∪ N) ∩ {p0, p5, p6} = ∅; iii) pi , for i = 0, 5, 6, is not
collinear with two points in M ∪ N . Note that a such construction is always possible. Set
C1 = Q1 ∪ l1 and C2 = Q2 ∪ l2; the linear pencil of cubics through pi , with i = 0, . . . , 8,
has only two reducible members C1 and C2.
In this situation, the rational elliptic surface S, obtained blowing-up P2 at nine points
pi , has only two reducible fibres, i.e. the proper transforms of C1 and C2. The type of
fibres depends on the hypothesis on li ∩ Qi ; more precisely, we can have the following
three possibilities:
1) two reducible fibres of type I2, if li is transversal to Qi , i = 1, 2;
2) one reducible fibre of type I2 and one of type III, if one of li is tangent to Qi and
the other not.
3) two reducible fibres of type III, if li is tangent to Qi , i = 1, 2.
Let Pi be the exceptional curve of the blowing-up at pi , and P̃i the point in E(K)
corresponding to the section Pi . Fix P̃0 as zero in the Mordell-Weil group E(K). The
height pairings of these point are computed as follows:
〈P̃i , P̃j 〉 =
⎧⎪⎪⎨
⎪⎪⎩
0 , if i, j ≤ 4 ;
1/2 , if i ≤ 4 and j ≥ 5 ;
1/2 , if i = 5 and j = 6, or i = 7 and j = 8 ;
1 , if i ∈ {5, 6} and j ∈ {7, 8} .
〈P̃i , P̃i〉 =
{
1 , if i ≤ 4 ;
3/2 , if i ≥ 5 .
So also in this case, by computing the determinant of the height matrix, one easily sees
that {P̃1, P̃2, P̃3, P̃4, P̃5, P̃7, } generate E(K).
We conclude by showing that to know the generators of MW group of the RES, con-
structed as above, means to know that of all RES as in iiib) of Theorem (1.2).
THEOREM 3.5. Let S be a rational elliptic surface of Mordell-Weil rank 6 and
E(K)  D∗6 . Then S arises from a linear pencil of cubic curves on P2 as in cases 1),
2) or 3) of construction (3.4).
Proof. Obviously the first assertion and claims (2.8), (2.9) of the theorem (2.7) are
still valid. On S there are exactly four (−2)-curves Θ0, Θ1, Θ ′0 and Θ ′1 with Θ0Θ1 =
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Θ ′1Θ ′1 = 2; so, it is possible to pass from a linear pencil of curves of genus one on F0, or
F2, to one of cubics on P2, (i.e. always take P2 as minimal model of S).
Due to the number of the components of the two reducible fibres and their intersection
values, we can have the following possibilities:
a) S is P2 blown-up at nine distinct points;
b) S is P2 blown-up at nine distinct points, one of them being a infinitely near one;
c) S is P2 blown-up at nine distinct points, two of them being infinitely near to two
distinct ones.
In all cases the images of the fibres F of the elliptic fibration on S give rise in P2 to a
linear pencil of cubic curves Λ.
It is easy to see, that in case a) the linear pencil Λ is as in one of the three cases of the
construction (3.4).
In case b) we have: i) Λ has eight base points, one of which is a double point, say p;
ii) Λ has only one reducible member, union of an irreducible conic and a line; Λ has one
and only one member irreducible and singular at p, say C. So it is possible to transform
this via a Cremona transformation in one of the linear pencils of the construction (3.4). For
example, take as center points of the Cremona transformation p and other two among the
base points of Λ which lies on the conic.
Finally in case c) we have: i) Λ has seven base points, two of which are double points,
say p and p̃; ii) all members of Λ are irreducible; iii) there are exactly one cubic C1 singular
at p and one C2 singular at p̃. And also in this case, via a composition of two Cremona
transformation, it is possible to transform Λ in one of the linear pencils of (3.4). 
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